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Abstract: Let M be a prime I'-ring satisfying a certain assumption (A) and D a nonzero
derivationon M. If D(.,.): MXM — M is a symmetric bi derivation and d is trace of D on a left
ideal J of M such that d is centralizing and commuting on J, then M is commutative.
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Preliminaries: Let M and I" be additive abelian groups. If there exists a mapping (x, @, y) =
xay of M x T' x M — M, which satisfies the conditions

(i) xay e M

(i) x +y)az = xaz + yaz, x(a + B)z = xaz + xfz, xa(y + z) = xay + xaz

(iii) (xay)Bz = xa(ypz) forall x,y,z € M and a, 8 € T, then M is called a I'-ring.

Every ring M is a I'-ring with M =I". However a I'-ring need not be a ring. Let M be a I"-ring.
Then an additive subgroup U of M is called a left (right) ideal of M if MT'U c U(UTM c U). If
U is both a left and a right ideal, then we say U is an ideal of M. Suppose again that M is a T'-
ring. Then M is said to be a 2-torsion free if 2x = 0 implies x = 0 for all x € M. An ideal P; of
aI'-ring M is said to be prime if for any ideals A and B of M, ATB < P; impliesA € P, or B €
P;. An ideal P, of a I'-ring M is said to be semiprime if for any ideal U of M, UTU < P, implies
UC P,. AT-ring M is said to be prime if al'MTh = (0) witha,b € M, impliessa=00rb =0
and semiprime if al'MTa = (0) with a € M implies a = 0. Furthermore, M is said to be
commutative T'-ring if xay = yax for all x,y € M and « € I'. Moreover, the set Z(M) = {x €
M:xay = yax for all y € M and a € T'} is called the centre of the I'-ring M. If M is a I'-ring,
then [x, y], = xay — yax is known as the commutator of x and y with respect to @, where
X,y € M and a € T'. We make the basic commutator identities:

[xay,z]g = [x,z]gay + xaly, z]g and  [x,yaz]g = [x,y]lgaz + ya[x,z]g , for all x,y € M
and a €T.

We consider the following assumption:

(A) i xayfz = xfyaz, for all x,y,z € M and a, f € T'. An additive mapping D: M —
M is called a derivation if D(xay) = D(x)ay + xaD(y) holds for all x,y e Manda €T. A
mapping d is said to be commuting on a left ideal J of M if [d(x),x], =0forallx € Jand a €
I'and d is said to be centralizing if [d(x),x], € Z(M)for all x €] and « € . A mapping
D(.,.):RXR - R is called symmetric if D(x,y) = D(y,x), forall x,y € R.Amappingd:R - R
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defined by d(x) = D(x,x) is called the trace of D, where D(.,.):RXR — R is a symmetric
mapping. It is obvious that, if D(.,.):RXR — R is a symmetric mapping which is also bi-
additive (i.e. additive in both arguments), then the trace d of D satisfies the relation d(x + y) =
d(x) +d(y) + 2D(x,y), for all x,y € R. If D(.,.) is bi-additive and satisfies the identities
D(xBy,z) = D(x,z)By + xBD(y,z) and D(x,yBz) = D(x,y)Bz + yBD(x,z), for all x,y,z €
R,B €T.Then D(.,.) is called a symmetric bi-derivation.

Introduction: The concept of the I'-ring was first introduced by Nobusawa [15] and also shown
that I"-rings, more general than rings. Bernes [1] weakened slightly the conditions in the
definition of I'-ring in the sense of Nobusawa. Bresar [2] studied centralizing mappings and
derivations in prime rings. Kyuno [10] , Luh [11], [12], Hoque and Paul [5],[6] and others were
obtained a large numbers of important basic properties of T -rings in various ways and
determined some more remarkable results of I'-rings. Ceven [3] studied on Jordan left
derivations on completely prime I'-rings. Mayne [14] have developed some remarkable result on
prime rings with commuting and centralizing. Jaya Subba Reddy.C et.al [8] studied centralizing
and commutating left generalized derivation on prime ring is commutative. The concept of a
symmetric bi-derivation has been introduced by Maksa in [13]. J.Vukman [17],[18] investigated
symmetric bi-derivations on prime and semiprime rings. Jaya Subba Reddy.C et.al[9] has studied
some results on symmetric reverse bi-derivations on prime rings. M.S.Yenigul and N.Argac [16]
studied few results on ideals and symmetric bi-derivations of prime and semiprime rings. Hoque
and Paul[7] studied prime gamma rings with centralizing and commuting generalized derivations
IS a commutative. In this paper, we extended some results on prime gamma rings with
centralizing and commuting symmetric bi derivation is a commutative.

Some preliminary results
We have to make some use of the following well-known results:
Remark 1: Let M be a prime I'-ring. If aab € Z(M) with 0 # a € Z(M), then b € Z(M).

Remark 2: Let M be a prime I'-ring and J a nonzero left ideal of M. If D is a nonzero derivation
on M, then D is also a nonzero on J.

Remark 3: Let M be a prime I'-ring and J a nonzero left ideal of M. If ] is commutative, then
M is also commutative.

Lemma 1: Suppose M is a prime I'-ring satisfying the assumption (4) and D(.,.): MXM - M
be a symmetric bi derivation. For an elementa € M, if aaD(x,y) =0 for all x,y € M and
a €T, theneithera=0o0r D = 0.

Proof: By our assumption, aaD(x,y) = 0, forall x,y € M, a €T.
We replacing x by xfz in above equation then, we get
aaD(xBz,y) =0

aa(D(x,y)Bz + xBD(z,y)) = 0
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aaD(x,y)Bz + aaxBD(z,y) =0
aaxfD(z,y) =0, forall x,y,z€ M,a,f €T.

If D is nonzero, that is, if D(z,y) # 0 for some z,y € M, then by definition of prime I'-ring, a =
0.

Lemma 2: Suppose M is a prime I'-ring satisfying the assumption (A) and J a nonzero left ideal
of M. If M has a symmetric bi derivation D(.,.): MXM — M which is zero on J, then D is zero
on M.

Proof: By the hypothesis, D(J,U) = 0.

Replacing J by MTJ, we get

D(MT},U) = 0.

D(M,U)T] + MID(J,U) =0

D(M,U)T] = 0.

Hence by Lemmal, D must be zero, Since J is nonzero.

Lemma 3[7]: Suppose M is a prime I'-ring satisfying the assumption (A) and J a nonzero left
ideal of M. If J is commutative on M, then M is commutative.

Lemma 4: Suppose M isaprime I'-ringand D(.,.): MXM — M be an symmetric bi additive
mapping with trace d of D. If d is centralizing on a left ideal Jof M, then f(a) € Z(M) for all
a€JUZ(M).

Proof: d is a centralizing a on left ideal ] of M, we have
[d(x),x], € Z(M) forall x € Jand a € T.

By linearization, we get
x,yE]=x+ye] foralla €T.

[d(x +y),x + ¥l € Z(M)

[d(x) +d(y) +2D(x,y),x + ¥« € Z(M)

[d(x), x]q + [d(x),y]a + [Ad¥), x]¢ + [d(V), ¥]a + 2[D(x, ¥), X]o + 2[D(x, ), ¥]a € Z(M)
[d(x),y]a + [d(Y), x]q + 2[D(x,¥), x]o + 2[D(x,¥),Y]a € Z(M)

If x € Z(M), then above equation, we get

[d(¥),x]q = 0,2[D(x,y),x], = 0
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[d(x),y]a + 2[D(x,¥), Y]« € Z(M)

Replacing y by y + z in above equation, we get

[d(x),y + z]a + 2[D(x,y + 2),y + 2], € Z(M)

[d(x), y]q + [d(x), z]q + 2[D(x, y),y + 2]o + 2[D(x,2),y + 2]« € Z(M)

[d(x), ¥]a + [d(x), 2z]a + 2[D(x,¥),¥]a + 2[D(x,¥), Z]¢ + 2[D(x,2), y]a + 2[D(x, 2), 2] €
Z(M)

2[D(x,2),yla + 2[D(x, y), 2]« € Z(M). (1)
If Z € Z(M), then equation (1) becomes
2[D(x,2),y]a € Z(M)
Replacing z by x in above equation, we get
2[D(x, %), yla € Z(M)

2[d(x),y]q € Z(M)

[d(x),y]q € Z(M).
Replacing y by d(x)pBy in above equation, we get
[d(x), d(x)By]a € Z(M).
d(x)Bld(x), yla + [d(x), d(x)]By € Z(M).
d(x)B[d(x),yla € Z(M). If [d(x),y]e = 0.
Then d(x) € Cry (J).

The centralizer of J in M and hence d(x) € Z(M). Otherwise, if [d(x),y], # 0, remark 1
follows that d(x) € Z(M).

Theorem 1: Let M be a prime I'-ring satisfying the assumption (4) and D a nonzero derivation
onM.If D(.,.):MXM — M is a symmetric bi derivation and d is trace of D on a left ideal ] of
M such that d is commuting on J, then M is commutative.

Proof: Since d is commuting on J, we have
[d(x),x], =0,forall x e Jand a € T.
Replacing x by x + y in above equation, we get
[d(x +y),x+y]a =0

[d(x) +d(y) +2D(x,y),x + y]la = 0
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[d(x), x]q + [d(x), ¥]a + [d(Y), x]e + [d(¥), Y] + 2 [D(x, ), x]o + 2[D(x,¥),¥]a =0
[d(x), y]e + [d), x]a + 2 [D(x, ), x]o + 2[D(x,¥),¥]a = 0. (2)
Replacing x by - x in equation (2), we get

[d(—X),y]a + [d(}’)» _x]a +2 [D(—x,J’)» _x]a + Z[D(_XJ’),)’]a =0

[d(x), y]e — [d(¥), x]a + 2 [D(x, ), x]o — 2[D(x,¥),¥]a = 0. 3)
Adding equations (2) and (3), we get
[d(x),¥]e + 2 [D(x,¥), x]o = 0. (4)

Replacing y by xSy in equation (4), we get

[d(x), xBy]a + 2 [D(x, xBy), X]a = O

[d(x), x]oBy + %B [d(x), y]a + 2 [D(x, x)BY + XBD(x,y), x]a = 0
[d(x), X]aBy + xB [d(x), y]e + 2 [d(x)By, x]o + 2 [xB D(x,¥),x]¢ = O
[

d(0), x]oBY +xB [d(0), ¥]q +2d OBy, Xl + 2[d(%), X]aBY + 258 [ D(x,¥),x], +
2[x,x1,BD(x,y) = 0

xB [d(x),¥]a + 2d(x)BY, X]a + 2B [D(x,y), x]¢ = 0
xB([d(x), ylo + 2 [D(x,y), x]a) + 2d(x)B[y, x]¢ = 0
Using equation (4) in above equation, we get

d(x)B[y, x]¢ = 0

Replacing y by xyr in above equation, we get
d(x)B[xyr,x]q = 0

d(x)Bxy[r, x]q + d(xX)B[x, x]qyr = 0

d(x)Bxy[r,x], = 0,forsomex € J,r € M,and a, B,y €T.

Since M is a prime I'-ring d(x) = 0 or [r,x], = 0.
3 D(x,x) =0.
Since D is nonzero derivation on M, then by lemma 2, D is nonzero on J.

Suppose D(x,x) # 0 for some x € J, then x € Z(M).
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Let z € Jwith z # Z(M). Then D(z,z) = 0and x + z € Z(M), thatis, D(x + z) = 0 and so
D(x,x) = 0, which is a contradiction. Thus z € Z(M) for all z € J. Hence ] is commutative and
lemma 3, we get M is commutative.

Theorem 2: Let M be a prime I'-ring satisfying the assumption (A) and J a left ideal of M with
JNZ(M) +#0.1f D(.,.): MXM — M is a symmetric bi derivation on trace d of D, such that d is
commuting on J, then M is commutative.

Proof: We claim that, Z(M) # 0 because of d is commuting on J and the proof is complete.

Now from equation (1), we get

2[D(x,2), yla + 2[D(x,¥), 2] € Z(M)

= [D(x,2),y]a + [D(x,y),2]q € Z(M)

We replace y by zfw with 0 # z € Z(M), then we get

[D(x,2),zBw]q + [D(x, zBw), 2] € Z(M)

[D(x,2), z]aBW + zB[D(x, 2), W]e + [D(x, 2) Bw + zBD (x, w), z] € Z(M)
[D(x,2),z]aBw + zB[D(x, 2),w]a + [D(x, 2)Bw, z]¢ + [2BD (x,w), 2], € Z(M)

Since z € Z(M) = d is acentralizer on J.

2B[D(x,z),w], € Z(M).

As z is nonzero, remark 1 follows that [D(x, z), w], € Z(M). This implies that D is centralizing
on J and hence we conclude that M is commutative.
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